Abstract: This paper presents a novel model of heterodyne-detected optical code-division multiple-access (OCDMA) systems employing polarization shift keying (PolSK) modulation over a free-space optical (FSO) turbulence channel. In this article, a new transceiver configuration and detailed analytical model for the proposed system are provided and discussed, taking into consideration the potential of heterodyne detection on mitigating the impact of turbulence-induced irradiance fluctuation on the performance of the proposed system under the gamma-gamma turbulence channel. Furthermore, we derived the closed-form expressions for the system error probability and outage probability, respectively. We determine the advantages of the proposed modeling by performing a comparison with a direct detection scheme obtained from an evaluation of link performance under the same environment conditions. The presented work also shows the most significant impact factor that degrades the performance of the proposed system and indicates that the proposed approach offers an optimum link performance compared to conventional cases.
Introduction
Optical wireless communication (OWC), known as free-space optical (FSO) communication, is considered to be a cost-effective, high-capacity communication technology that provides a practical solution to the last mile problem. However, since the propagation links are over the atmospheric channel, the laser beam will experience the effects of turbulence, referred to as irradiance fluctuation, phase aberration and changes in the degree of polarization (DOP) [1] , which can impair the performance of FSO communications significantly. Therefore, various kinds of methods, such as diversity techniques [2] and robust modulation schemes, have been proposed to overcome the degradation of the performance of FSO links due to the turbulence effects [3, 4] The intensity modulation with direct detection (IM/DD) scheme has been wildly utilized in FSO communication. Meanwhile, on-off keying (OOK) is often known as a dominant modulation scheme employed in IM/DD FSO communication systems because of the ease of implementation and bandwidth efficiency [1] . However, when an optical beam propagates through the atmosphere, the performance of the system using OOK modulation is highly sensitive to intensity fluctuation [5] . Hence, an adaptive threshold technology is required to achieve an improved performance in the presence of turbulence effects, which thus adds to the complexity of the receiver configuration [6] . Different from the IM-based FSO system, various PolSK modulation schemes have been adopted in [7] [8] [9] , where information is encoded as different states of polarization (SOP) by using an external modulator. In [10] , the experiment results show that the SOP has much more stable properties compared to the amplitude and phase in the actual case of the laser beam propagation. The PolSK-based FSO system offers an improved link performance in terms of the peak optical power, which can be used as an effective method for reducing the influence of turbulence effects, in the literature [8, 9] .
In order to enhance the capacity of transmission channel by supporting multiple users in a practical access environment, optical code-division multiple-access (OCDMA) systems have been proposed, particularly in optical fiber networks [11] , and also have attracted much attention in FSO communications. In [12] , the first time experiment demonstrates that the OCDMA signal can be applied for FSO communications. In [13] , the performance of radio-over-FSO (RoFSO) systems carrying OCDMA signals has been investigated within MAInoise in the presence of turbulence. The potential for combining OCDMA and the polarization modulation scheme to increase the FSO link performance has been thoroughly discussed in our previous work [14] . Moreover, to cover the shortage of directly-detected FSO systems in overcoming the impact of atmospheric turbulence, the use of heterodyne detection as a countermeasure for the turbulence mitigation has been reported in [15, 16] ; it has been demonstrated that heterodyne detection can offer a better background noise rejection and increased detector sensitivity compared to direct detection. This leads to a potential for channel fading reduction, especially at the high values of turbulence intensity.
For the reasons given above, such a study to combine the PolSK-based OCDMA technology and heterodyne detection will be important in designing and optimizing the method to enhance the FSO link performance in the operation environment, combining the advantages of high transmission capacity by multiplexing technology and efficient compensation for the turbulence-induced degradation of signal quality. This work aims at demonstrating the potential of the proposed system in combating the degradation of the signal quality in the presence of turbulence, taking into consideration the turbulence-induced fading and interference noise affecting the link performance. Besides, a performance comparison between heterodyne detection and direct detection applied in a OCDMA FSO link has been also analyzed.
The rest of the paper is organized as follows: we introduce a statistical model to describe the irradiance fluctuation across the whole turbulence regimes in Section 2; in Section 3, the mathematical model for describing the PolSK-based OCDMA signal transmission through the FSO turbulence link with heterodyne detection is provided; the results are discussed in Section 4; the conclusions are presented in Section 5.
Optical Scintillation Effect
Irradiance fluctuation, known as optical scintillation, has been recognized as an important influence factor on FSO link performance, which is mainly caused by random fluctuations of the refractive index due to temperature, pressure and wind variations along the propagation path of the turbulence channel [17] . The widely-accepted turbulence channel model is the gamma-gamma distribution, which provides a statistical description of irradiance fluctuation in varying degrees of turbulence strength. The probability density function (PDF) of the gamma-gamma turbulence model can be described as [17] :
where X = I/ I , I is a random variable of the signal current and the symbol . denotes the average over scintillation. Γ(.) is the gamma function, and K n (.) and λ denote a modified Bessel function of the second kind of order n and operating wavelength, respectively; the parameters α and β represent the small-scale and large-scale irradiance fluctuation and are defined for a spherical wave with aperture averaging (AA) as [17] :
where σ 2 = 0.5w 7/6 C 2 n L 11/6 denotes the Rytov variance, d = wD 2 /4L, D is the aperture diameter, w = 2π/λ is the wave number, C 2 n denotes the turbulence structure index of the refraction constant and L is the transmission distance. The scintillation index S can be derived by α and β as S = 1/α + 1/β + 1/αβ. [17] 3. PolSK-OCDMA Systems with Heterodyne Detection over FSO Links
In this section, a mathematical modeling that can be used to characterize the performance of the proposed system was provided. Conventionally, the property of OCDMA technology relies mainly on the characteristics of the signature sequences for users, such as code length and code weight [18] . We take advantage of correlation properties of the modified prime codes (MPCs) with code length p 2 and code weight p to present the system performance in this analysis, where p is a prime code parameter. Figure 1 . PolSK-optical code-division multiple-access (OCDMA) systems with heterodyne detection over turbulent FSO links. PD, photo-detector; BPF, band-pass filter.
Modeling of the Transmitter and Receiver
The basic configuration of the proposed systems is illustrated in Figure 1 . At the transmitter side, the transmitted laser beam is set to be linearly polarized at an angel of π/4 as a transmitter reference axis by using a polarization controller (PC) and then is fed into the polarization beam splitter (PBS) and split into two equal beams withx andŷ polarization components, respectively, while only theŷ-component is phase modulated by using a optical phase modulator between zero and π depending on the input data stream. Therefore, under this assumption, each incoming user's data are encoded by means of an MPC signature sequence and then alternatively mapped into two linear orthogonal states of polarization (SOPs) of the laser beam with a constant envelop. Consequently, the output from a polarization beam combiner (PBC) for the k-th user can be written as:
where P t.k denotes the transmitted optical power and ω s and ϕ s (t) denote the carrier frequency of the beam and transmitter laser phase noise, respectively. The ∆ϕ(t)=S k (t)·π is the SOP phase information to be transmitted for the k-th user, S k (t) = [0, 1]. Moreover, it should be noted that the k-th user transmitted optical CDMA signal can be defined as
) represent the intended user data with M bits and the signature address with N chips, respectively, with d k (t), c k (t) = [0, 1], P Ts being the unity rectangular pulse, where T s and T c denote the symbol duration and chip duration, respectively, 0 ≤ t ≤ T s and 0 ≤ t ≤ T c ; and
Moreover, polarized light also can be expressed by the Jones representation in terms of the vector field, and the Jones matrix is described as J = E x , E y T . The transmitted signal denoted by the Jones vector thus can be defined as
T for the data bits "0" and "1", respectively, where J 0 and J 1 are orthogonal to each other [18] . Hence, we have a unit complex Jones matrix represented by Q = J 0 , J 1 . With this, the optical signal is then transmitted through the turbulence link. The optical signal suffers from the combined effects of the channel fading and interference noise while propagating through the atmosphere. The received signal that propagates from the channel can be expressed as
where τ k , 0 ≤ τ k ≤ T s is the time delay between the desired user and k-th user. Thus, the overall field vectors in the channel is given:
where h models the channel fading of the propagation path, and this modeling is defined as h = L a L p X(t); L a is the atmospheric attenuation, including the rain and visibility losses, L r and L v , respectively; L r = aLR b (dB) with R being the rainfall rate (mm/h); a and b are given according to the
with V (km) being the visibility; and σ(V )
is the particle size distribution coefficient, defined with the Kim model as [13] :
L p is geometric spread and pointing error losses, and X(t) the quantifies variation of the channel fading in terms of optical scintillation due to the turbulence effects and is satisfied with the gamma-gamma turbulence model, as mentioned earlier. E F SO (t) denotes the field vector of additive Gaussian white noise (AWGN).
In the analysis to follow, the mathematical modeling for PolSK-OCDMA signal processing based on heterodyne detection is presented. The received composite signal outputs from the 1 × K optical splitter (OS) for a single receiver are expressed as follows [19, 20] :
In the formula, Re {.} represents the real part of E R (t, X); the electromagnetic filed vector of the k-th user before the external modulation is defined as
T . The ϕ r (t) = ϕ s (t) + ϕ c (t) is the overall phase noise from the transmitter to the input of the receiver with the ϕ c (t) representing the phase noise induced from a turbulent channel. The turbulence-induced SOP fluctuation is compensated by using the polarization controller (PC), whose function is to ensure that the received optical beam has the same SOP reference axis as the transmitter side. Thus, both of the received orthogonal components are assumed as being equally amplitude and turbulence fluctuated without the loss of orthogonality between the two orthogonal polarizations. The power of the local oscillator laser source is equally split by the PBS between the x and y component, linearly polarized at π/4, and thus, the local oscillator (LO) signal E LO (t) of the desired user (e.g., the first user) is given by:
The parameters P LO , ω LO and ϕ LO (t) denote the power, angular frequency and local oscillator phase noise generated from the heterodyne receiver, respectively. The received composite signals in both the upper branch (x-component) and lower branch (y-component) are then coherently combined with the local optical field of E LO (t) in using the 3-dB balanced directional coupler within a balanced intensity coupling ratio; thus, the mixed electric field consequently can be written as:
Moreover, the x-component in the upper branch is given by [19, 20] :
and the y-component in the lower branch is defined similarly as [19, 20] :
where
of the k-th user. This regards the processing of the OCDMA signal decoding; the optical correlator known as a simple decoder structure was adopted in the proposed system configuration, which correlates the incoming signals by preserving the desired user's signature sequence to de-spread the encoded signals [21] . Hence, a complement of the code is set to the lower branch. The optical fields are detected by the dual detectors with unit area to generate differential current ready for extraction in the following processing. The outputs of identical dual detectors are passed through electric bandpass filters (BPFs) with a one-sideband bandwidth B 0 . We assume that the BPF bandwidth is larger than the IFlinewidth to avoid the phase noise to amplitude noise conversion [15] , and FSO noise, such as background light interference, can be considered negligible in this analysis. The photocurrent after removing the direct-current (DC) and high frequency components in the upper branch can be represented as:
and similarly, the lower branch is given by:
where denotes the responsivity of the detector, and ω IF = ω s − ω LO and ϕ IF (t) = ϕ r (t) − ϕ LO (t) are the frequency and phase noise of the intermediate signal, respectively. In Equations (13) and (14), n x (t) and n y (t) indicate the optical link noise and are assumed to be statistically-independent and stationary Gaussian processes with zero-mean and variance of σ 2 opt . Then, the photocurrents I 0 R.x and I 1 R.y are processed followed by the square-law demodulator. An ideal square-law demodulator can be used to eliminate the intermediate phase noise and recover the information signal [15, 16, 22] . Then, the total currents of both branches are fed into a subtractor followed by using a matched filter (MF), and differential output between the upper and lower branch over a symbol duration T s is derived from:
Hence, we should note that, when the decision signal is sampled at the t = T s to obtain the variable decision C d , the decision rule of the final bit d is defined as:
System Error Probability Analysis
Here, we derived the expressions for determining the degree to which heterodyne-detected FSO link-carrying PolSK-based OCDMA signals may be expected to be degraded due to the irradiance fluctuation and interference noise, by calculating the proposed system error probability. For the proposed system modeling in this analysis, we assume that the time delay τ k = 0 as a synchronized case. Further, based on Equations (13)- (15), the electric signal of MF output over a certain T s can be modified as follows:
Moreover, when we considering the components of the received signal, Equation (16) becomes as:
where the first term represents the desired user data and the second term denotes the interference caused by multiple OCDMA users. In the formula, the optical link noise n opt (t) is related to n x (t) and n y (t), which are defined as a zero-mean AWGN process, including the shot noise and thermal noise [13] , and can be described by:
where q and K B are the electron charge and Boltzmann's constant, respectively, T abs denotes the absolute temperature and F e and R L represent the noise factor and load resistance, respectively. The detailed parameters of the value are shown in Table 1 . As with previous studies on the operation principle of coherent detection technology [23] , the power of LO is assumed to be sufficiently high compared to the received signal power, P LO P R , where P R is characterized by the received optical power. The shot noise can then be calculated as σ 2 shot ≈ 2q P LO B 0 in later calculation. Then, the signal-to-noise ratio (SNR) based on Equations (18) and (19) is derived as:
where P d (t, X) is the expected desired signal power in the presence of turbulence and σ 2 M AI represents the variance of MAI noise arising from the cross-correlation. [26] In this analysis, the MPC as the signature sequence has been adopted for the features of auto-correlation and cross-correlation in order to optimize the differential between the desired arrived signal and multiple interferences. The auto-correlation N n=1 c(nT c )c 1 (t − nT c ) = p and cross-correlation functions N n=1 c(nT c )c k (t − nT c ) = λ c are represented in this calculation. According to the theoretical basis for the MPC, the cross-correlation value is the only one that can generate the interference while the codes are from different groups. It is noted that cross-correlation values are satisfied with a uniform distribution among interfering users and letting P (λ c ) = k/p 2 − p as the PDF of the variable λ c [18, 19] . Thus, Equation (20) becomes:
Then, the average bit error probability for binary PolSK-OCDMA systems over the gamma-gamma distribution is given by:
We define the bit error probability for the proposed system under the turbulence effect as
) [24] . To further simplify Equation (22) for the closed-form, we use the
is a Meijer-G function. We assume that SN R(K, X) can be approximated by averaging over scintillation, SN R(K, X) ≈ SN R(K, X) X 2 [4, 13] . Thus, Equation (22) becomes:
System Outage Probability Analysis
Evaluation of the reliability of the proposed system over the fading channel can be proven from the calculation of the outage probability. It is defined as the probability that the SNR falls below a target SNR value; then formula is given as P out (SN R th ) = P r (SN R(K, X) < SN R th ), where SN R th is the threshold SNR value. Let a constant C th be a ratio C th = SN R th / SN R(K, X) ; thus, the outage probability by using a closed-form solution is obtained as [25] :
Simulation and Numerical Analysis
In this section, we use simulation and numerical analysis to verify the overall performance of the PolSK-modulated OCDMA systems with heterodyne detection over a FSO turbulence link, taking into account the error probability and outage probability. This analysis uses weak and strong turbulence intensity levels at different Rytov variance values σ = 0.2 and σ = 5. The scintillation parameters are {α = 11.6, β = 10.1}, {α = 2.6, β = 1.3}, respectively [27] .
As the performance of OOK-based OCDMA FSO system with and without heterodyne detection has been well studied in several literature, we first prefer to give a comparison between OOK with a fixed threshold detection and PolSK modulation under the same link conditions. Figure 2 shows the numerical results of the relationship between the SNR and average BER when the single OCDMA user has no MAI noise and the modified prime code parameter p = 13. It is seen that the system average error probability increases as the turbulence strength increases, with system performance under strong turbulence showing the worst case scenario. For instance, when SN R = 16 dB for the proposed system, the average BER performance is 1 × 10 −7 , 2 × 10 −2 under weak and strong turbulence regimes,
respectively. This result proves that the quality of the signal is highly sensitive to the turbulence effect. At the same time, it is recognized that the proposed system offers the optimum performance compared to that of the conventional cases. In addition, the system error probability using the heterodyne detection receiver is significantly improved compared to the direct detection mode, especially considered in the case of turbulence conditions. The average BER of both modulation schemes with heterodyne detection can be lower by one order of magnitude than the case of the direct detection in the strong turbulence for the same SNR. Furthermore, using the PolSK modulation scheme also displays a better system performance than OOK with a fixed threshold detection. This result can be explained as it was previously studied that polarization states can maintain much more stable properties when propagating through the turbulence channel. The above-mentioned results indicate that combining the PolSK modulation and coherent detection can be used as an efficient method of turbulence mitigation to overcome the link performance degradation. Next, we present the results that aim at highlighting the limit of MAI noise to the system loadability under turbulence effects. The average BER performance versus the variation of number of active users with MPC parameters, p = 5, p = 13 and p = 17, respectively, in the different turbulence regimes is shown in Figure 3a . For the received optical power P R = −20 dBm, the average BER is decreased when the number of active users increases with respect to the strong interference caused by multiple users. In fact, the conventional CDMA system is able to maintain a credible quality of communication when multiple users share the same link, which mainly depends on the code parameter corresponding to the code-set cardinality p 2 [19] . The average bit error probability improved by the larger of the MPC parameters p, which is related to the higher auto-correlation peaks or lower hit probabilities, as discussed in [20] . Figure 4 . Variation of the outage probability P out versus the number of active users K, when P R = −20 dBm under a range of turbulence characteristics.
To continue the performance comparison, both the heterodyne detection and direct detection are under the same link conditions, as shown in Figure 3a ,b. It is noted that the performance of heterodyne detection outperforms that of direct detection under the same link conditions, especially in the strong turbulence regimes, where the heterodyne detection can be lower by nearly two orders of magnitude than the case of direct detection in terms of the average BER for the same number of active users.
Therefore, based on the results illustrated in this plot, we can determine that coherent detection is an attractive alternative to-the direct detection, which offers an efficient way to compensate the turbulence induced channel fading.
Finally, it can be observed that outage probability increases as the number of active users increases, as shown in the Figure 4 , this is explained as above as being due to the increase of the MAI noise. Two cases of SN R th and prime code parameter p have been considered, SN R th = (20 dB, 30 dB), p = (13, 17) , respectively. For instance, for SN R th = 20 dB and P out = 1 × 10 −2 with p = 13, the number of active users decreases from value K = 20 to K = 12 across the weak and strong turbulence regimes.
Conclusions
This paper combines the advantages of PolSK modulation and heterodyne detection and proposes an analytical model to characterize the performance of PolSK-based OCDMA systems with heterodyne detection over a turbulent FSO link. We derived the closed-form expressions of the system error probability and outage probability over the gamma-gamma turbulence channel. The MPC parameter as a performance metric has been also considered and quantifies the impact of interference noise on the system loadability. The conclusions obtained through numerical simulation indicate that the performance of the propose system is highly sensitive to turbulence-induced irradiance fluctuation and the MAI effect; the choice of heterodyne detection receiver offers an improved FSO link performance compared to the conventional cases and provides an effective and promising method for turbulence mitigation in the field of FSO communications.
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